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We study quantum entanglement and its relation to transport in a non-equilibrium interacting
double dot system connected to electronic baths. The dynamical properties in the non-interacting
regime are studied using an exact numerical approach whereas the steady state properties are
obtained following the well-known non-equilibrium Green’s function (NEGF) approach. By means
of mutual information and concurrence we explore the connection between the quantum correlations
in the system and the current flowing through the dots. It is observed that entanglement between
the dots is heavily influenced by the degeneracy or the lack thereof, of the dot levels. In the
non-degenerate case, the concurrence falls sharply when the applied bias crosses a certain critical
value. In contrast when the dot energy levels are degenerate, the concurrence reaches a very high
asymptotic value of 1/2. When interactions are switched on, the degeneracy is lifted, and once again
concurrence falls to zero beyond a critical value of the applied bias. Lastly it is observed that the
concurrence can be made to reach almost the value of 1.0 if the chemical potential in both baths are
made very large (while keeping the sign the same) provided the dot levels are kept degenerate within
the non-interacting limit. A combination of NEGF method, brute-force numerics and asymptotics
are employed to corroborate our findings.
I. INTRODUCTION
Although an enormous body of knowledge has been
created within the field of mesoscopic systems [1–7], an
understanding of the role of quantum correlations in
these systems is rather primitive. Recent evidence [8, 9]
suggests that transport across quantum dots is intimately
connected to the quantum correlations that develop be-
tween various subsystems. The question of how general
these connections are, is still a matter of investigation.
Non-equilibrium properties of interacting systems are no-
toriously hard to study, and there are few precious re-
sults on quantum correlations in such systems. Previ-
ous work [8, 9] pertains only to the non-interacting limit,
and moreover only mutual information [10–13] has been
studied, which contains not only quantum but also clas-
sical correlations. An understanding of the relationship
between purely quantum correlations and transport, re-
mains a pressing open question, even within the non-
interacting limit. The other pressing question is the role
of interactions. The present work is an attempt to make
progress along both of these directions.
Here, we show how concurrence [14–19], which is an
excellent measure of entanglement in fully mixed states
may be studied in the presence of interactions. Further-
more our work pertains to the non-equilibrium regime,
where we attempt a comparison of the transport proper-
ties and the quantum correlations that develop in the
system. While the full time-evolution is accessible in
the non-interacting limit, we concentrate on the steady
state properties of the interacting model. Our system
∗ auditya@iiserb.ac.in
consists of a spinless quantum double dot connected to
left and right baths with inter-dot interactions. In the
current work we have theoretically studied the entangle-
ment properties of a nonequilibrium interacting double
dot system. A natural division of subsystems for the
purpose of entanglement is the two dots, and we com-
pute concurrence between the dots and investigate how
it is connected to the current flowing through the dots.
Entanglement is very hard to measure experimentally.
Quantum mechanics tells us that the expectation values
of observables have the form Tr(ρO), where O is the
operator corresponding to the relevant observable. How-
ever, von Neumann entropy is given by −Tr(ρ log(ρ)).
log(ρ) is not an observable, and in fact, is a quantity that
is dependent on the state itself. Therefore there are very
subtle conceptual difficulties associated with whether it
is even meaningful to measure von Neumann entropy.
Hence, indirect access to entanglement is of great inter-
est. In this context, there have been works that have
tried to access entanglement via other quantities like cur-
rent [8, 9], conductance [20], and quantum noise [8, 21]. A
lot of work has been done previously to understand the
transport through the interacting quantum dot sytems
and phenomena like the Coulomb blockade effect [22, 23]
and Kondo effect [24] have been understood both theoret-
ically and experimentally [25–28]. Furthermore, within
the Kondo regime, the entanglement between the mag-
netic impurity and the baths has been studied via differ-
ent measures of entanglement [20, 29–32]. The indirect
detection of entanglement via the conductance has also
been proposed [20]. Clever strategies for a frontal attack
on this problem continue to be of great current impor-
tance [33].
The non-equilibrium Green’s Function (NEGF)
method [34–40] has been one of the most powerful an-
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Figure 1. (Color online) A schematic of the parallel double
quantum dot setup under study. Here 1 and 2 represents the
energies of the dots. U is the Coulomb interaction strength.
tk is the tunneling amplitude between the dots and the baths
(L and R) and is assumed to be identical here.
alytical tools to tackle non-equilibrium physics. It has
been used widely and successfully in the domain of quan-
tum dots to study steady state transport and mesoscopic
properties, and we too adopt this method. This tech-
nique is also useful in the non-interacting limit where we
have access to the properties of the system in a deeper
way. Here we take recourse to the equation of motion
(EOM) technique [41–43] to calculate the Green’s Func-
tion for both non-interacting and interacting models. For
the non-interacting model we have followed both NEGF
and exact numerical techniques in order to test for their
mutual agreement, thus strengthening the quality of our
results. For the interacting model we have used the
Hartree-Fock approximation for decoupling the higher or-
der correlators in such a way that the interaction effect
on one site depends upon the average electron number
of the other site. This is a simple mean field way of
considering the interaction and yet has been argued to
be legitimate for a large range of the Coulomb interac-
tion strength [2, 6, 41, 44–47]. There are also some ad-
vanced methods such as numerical renormalization group
(NRG), real time renormalization group (RTRG), func-
tional renormalization group (fRG), hierarchical quan-
tum master equation (HQME) etc. [20, 48–54], but they
are rather complicated and could be useful in extracting
finer structure.
The study of quantum correlations within the non-
interacting limit is facilitated by special tricks which
exploit Wick’s Theorem, even for non-equilibrium sys-
tems [8]. This allows for a reduction of a 2L × 2L re-
duced density matrix problem to an L × L correlation
matrix problem [55] with L being the number of sites in
the subsystem of interest, thus providing access to large
system sizes. Exploiting this trick, it is possible to in-
vestigate mutual information between the quantum dots
and the baths. However in the presence of interactions,
the correlation matrix approach no longer holds, mak-
ing the computation of quantities that involves reduced
density matrix of the baths, a notoriously hard problem.
In the present work, we focus on the entanglement (mu-
tual information, concurrence) that develops between two
quantum dots when they are driven out-of-equilibrium,
and investigate how it is correlated with the current flow-
ing through the dots. The key findings of our paper are as
follows: In the non-interacting limit, current and mutual
information between the dots and the bath, have similar
behaviour as in the single dot problem [8]. The physics
is strongly dependent on whether or not the two dot en-
ergy levels are degenerate. In the presence of degener-
acy, both concurrence and mutual information between
the dots, have finite steady state values, in contrast to
their zero steady state values in the absence of degen-
eracy. The non-interacting degenerate system allows for
the possibility of generating very high entanglement be-
tween the dots. By cranking up the left and right leads
to a large and identical chemical potential, it becomes
possible to make the two dots to reach unit concurrence
value. Turning on interactions results in a lifting of the
degeneracy leading to the concurrence again attaining a
zero value in the steady state.
The plan of the paper is as follows. We begin with
an introduction of the model Hamiltonian in Sec. II. In
Sec. III we first discuss the non-interacting limit of the
model following the NEGF approach and an exact nu-
merical technique and present analytical and numerical
results for charge transport, mutual information and con-
currence. In Sec. IV we extend our study to the inter-
acting Hamiltonian. Finally in Sec. V we summarize our
findings.
II. MODEL HAMILTONIAN
We consider an open quantum system with two parallel
quantum dots connected to both left and right baths.
The baths consist of non-interacting spinless fermions. In
the non-interacting limit, the coherent tunnelling term
between the dots is absent whereas in the interacting
limit the dots exchange energy via Coulomb interaction.
The total Hamiltonian can be separated into different
components:
H = HD +HL +HR +HLD +HRD,
(1)
where HD represents the dot Hamiltonian
HD = 1 n1 + 2 n2 + Un1n2. (2)
Here ni = d
†
idi, i = 1, 2 represents the number operator
with d†i (di) being the electronic creation (annihilation)
operator for the i-th dot with energy i. U denotes the
Coulomb interaction strength.
Hα =
∑
k
kαnkα, α = L,R, (3)
represents the bath Hamiltonian modelled as an infinite
collection of non-interacting fermions with momentum
index k and corresponding energy k. nαk = c
†
kαckα is the
number operator with c†kα(ckα) being the creation (anni-
3hilation) operators for kth mode. Finally, the system-
bath coupling Hamiltonian HαD is given as
HαD =
∑
i=1,2
tikαc
†
kαdi + h.c., α = L,R. (4)
Here tikα represents the tunneling amplitude between the
ith dot and the kth mode of bath. This coupling infor-
mation is encoded in the spectral density of the baths as
follows:
Γijα () = 2pi
∑
k
tikα(t
j
kα)
∗δ(− kα). (5)
Throughout the paper we set ~ = e = kB = 1. The dots
are driven out-of-equilibrium by maintaining the elec-
tronic baths at different chemical potentials µα. In the
present work, we keep the two bath temperatures identi-
cal TL = TR, although in principle this is another knob
that can yield a non-equilibrium scenario. We then follow
the dynamical as well as steady state properites of various
thermodynamic and quantum informatic observables. In
what follows, we will first consider the non-interacting
limit (U = 0) and present analytical and numerical re-
sults followed by results for the interacting case (U 6= 0).
III. NON-INTERACTING DOTS (U = 0)
We begin with the NEGF formalism and discuss briefly
the method to compute various two-point correlation
functions (Green’s functions) for the subsystem as well
as for the baths. In terms of these Green’s functions
different thermodynamic observables can be computed.
A. NEGF Formalism
NEGF is a powerful tool to study transport proper-
ties of out-of-equilibrium many-body quantum systems.
Within the NEGF method, there are several well es-
tablished approaches to compute Green’s functions, like
the Keldysh diagrammatic method [56, 57], and the
equation-of-motion (EOM) technique [41, 58, 59]. Here
we adopt the EOM approach to compute the Green’s
functions. The first task is to define the time-ordered
Green’s function for the dots:
G0,ij(t, t
′) = −i〈T di(t)d†j(t′)〉, i = 1, 2. (6)
Here the time dependence in the operators represents the
Heisenberg picture with operators evolving with the full
Hamilonian H. T represents the time-ordered operator
and the average 〈...〉 is computed with respect to the
initial condition. Following the Heisenberg’s EOM, the
EOM for the Green’s functions can be obtained. A cas-
cade of such equations of motion can then be written
down, introducing new Green’s functions at every next
step, until a closure among the Green’s functions is at-
tained to terminate the procedure. For non-interacting
systems, such a closure is possible to obtain which then
yields exact analytical results. In contrast, for interact-
ing systems, the closure is attained by employing different
approximation schemes. The EOM for Eq. 6 is given as[
i
∂
∂t
−i
]
G0,ij(t, t
′) = δijδ(t−t′)+
∑
kα=L,R
(tik,α)
∗G0kj(t, t
′),
(7)
where
G0kj(t, t
′) = −i〈Tckα(t)d†j(t′)〉 (8)
is the time-ordered version of a mixed Green’s function
involving the dot and the lead. In a similar manner, a
differential equation for this mixed Green’s function can
be obtained:[
i
∂
∂t
− kα
]
G0kj(t, t
′) =
∑
l=1,2
tlkαG
0
lj(t, t
′). (9)
Introducing the bare Green’s functions for the subsystem
(dots) and the leads:[
i
∂
∂t
− i
]
gij(t, t
′) = δijδ(t− t′)[
i
∂
∂t
− kα
]
gαk (t, t
′) = δ(t− t′), (10)
and defining the self-energy for the electronic baths
Σαij(t− t′) =
∑
k
tikαgkα(t− t′)tjkα, α = L,R, (11)
we can write down a formal solution for Eq. 7 as
G0(t, t
′) = g(t, t′)+
t∫
dt1
t∫
dt2 g(t, t1)Σ(t1, t2)G0(t2, t
′).
(12)
Here Σ = ΣL + ΣR is the total self-energy, additive in
both left and right leads, and is associated with the trans-
fer of electrons between the leads and the dots. The bold
notation refers to a matrix in the subsystem space. In
a general non-equilibrium setup, a similar equation as in
Eq. 12 can be obtained for the contour-ordered Green’s
function where instead of real times t and t′ one intro-
duces contour time variables τ and τ ′ that runs on a
complex time plane [36]. We therefore write, for non-
equilibrium systems,
G0(τ, τ
′) = g(τ, τ ′)+
∫
dτ1
∫
dτ2g(τ, τ1)Σ(τ1, τ2)G0(τ2, τ
′).
(13)
From this contour-ordered Green’s function, apply-
ing Langreth theorem [36], one then has access to
all other real time Green’s functions namely, retarded
(Gr0(t, t
′)), advanced (Ga0(t, t
′)), lesser (G<0 (t, t
′)) and
greater (G>0 (t, t
′)) components. In the steady state limit,
4the expression for these Green’s functions can be simpli-
fied by taking advantage of the time-translational sym-
metry. In this limit, the Green’s functions depend only
on the relative time difference |t − t′| and performing a
Fourier transformation one obtains for retarded and ad-
vanced components
G
r/a
0 () = g
r/a() + gr/a()Σr/a()G
r/a
0 () (14)
which can be rewritten as
G
r/a
0 () =
[
I−HD −Σr/a()
]−1
(15)
with HD = diag(1, 2). The lesser and greater compo-
nents follow the Keldysh equation
G
</>
0 () = G
r
0()Σ
</>()Ga0(), (16)
where Σr,a,<,> = Σr,a,<,>L + Σ
r,a,<,>
R are different com-
ponents of the total self-energy given by:
Σr/aα () = ∓i
Γα()
2
(
1 1
1 1
)
,
Σ<α () = ifα()Γα()
(
1 1
1 1
)
and
Σ>α () = −i(1− fα())Γα()
(
1 1
1 1
)
. (17)
In writing the expressions for Σ
r/a
α () we have ignored
the real part which is responsible for the re-normalization
of the bare dot energies. We further assume identical
coupling between the bath and the dots Γijα = Γα. Note
that the non-trivial temperature and bias information is
contained in the lesser and greater components of the
Green’s functions, given in Eq. 16.
B. Exact Numerical Approach and Dynamical
Protocol
We next consider an exact numerical approach [8] to
simulate the non-interacting double quantum dot setup.
This method gives direct access to the density matrix
of the entire system (dots, baths). In this approach, we
discretize the bath spectrum and consider a large but
equispaced finite number of levels. The coupling between
the baths and the dots are then fixed by integrating the
spectral function (Eq. 5) in a small energy window ∆
around k and further by imposing the wide-band limit
we obtain
tkα =
√
Γα(k)∆
2pi
=
√
Γα∆
2pi
. (18)
The final discretized form of the Hamiltonian H can then
be written as
H =
N∑
k=1
ζkc
†
kck+
N−2∑
k=1
tk(c
†
kcN−1+c
†
N−1ck)+tk(c
†
kcN+c
†
Nck),
(19)
where N is the total number of levels including the baths
and the dots, N = NL +NR + 2 with NL and NR being
the energy-levels in the left and right baths, respectively.
The indices N − 1 and N are used for the two dots with
c†N−1(cN−1) = d
†
1(d1), c
†
N (cN ) = d
†
2(d2), and the corre-
sponding energies are, ζN−1 = 1 and ζN = 2. The
explicit form of the Hamiltonian in the matrix form can
be expressed as
H =

ζ1 0 . . . 0 0 0 . . . . . . t1 t1
0 ζ2 0 . . . . . . . . . . . . 0 t2 t2
...
...
. . .
...
...
...
...
...
...
...
... ... . . . ζNL 0 ... ... ... tNL tNL
0 0 . . . 0 ζ1 0 . . . . . . t1 t1
0 0 . . . 0 0 ζ2 . . . . . . t2 t2
...
...
...
...
...
...
. . .
...
...
...
0 0 . . . 0 0 0 . . . ζNR tNR tNR
t1 t2 . . . tNL t1 t2 . . . tNR 1 0
t1 t2 . . . tNL t1 t2 . . . tNR 0 2

.
(20)
Note that, one can write the above Hamiltonian H in a
diagonal form by introducing new set of fermionic oper-
ators aβ , defined as aβ =
∑N
i=1 ψβ(i)ci, where ψβ(i) are
coefficients of the eigenvectors of the Hamiltonian cou-
pling matrix.
Next we choose a decoupled initial condition for the
global density matrix, written as a tensor product of the
density matrix of each part as
ρ(0) = ρL(0)⊗ ρR(0)⊗ ρD(0), (21)
where the left and the right fermionic baths are dis-
tributed according to the grand canonical distribution
ρL(0) =
exp(−β(HL − µL
∑
k∈L c
†
kck))
ZL
,
ρR(0) =
exp(−β(HR − µR
∑
k∈R c
†
kck))
ZR
. (22)
Here both left and right baths are maintained at a fixed
inverse temperature β = 1/T and at different chemical
potentials µL and µR respectively. The density matrix
for the dots is represented as :
ρD(0) = ρD1 ⊗ ρD2 (23)
ρD1(0) = n0d
†
1d1 + (1− n0)d1d†1 (24)
ρD2(0) = n0d
†
2d2 + (1− n0)d2d†2, (25)
where n0 is the initial population of the dots. Given this
initial setup, the global density matrix at any arbitrary
time is then simulated following the unitary time evolu-
tion ρ(t) = e−iHtρ(0)eiHt.
For our numerical simulations, we have considered the
baths with NL/R = 128 levels and finite cut-off for the en-
ergy spectrum −c ≤  ≤ c with c = 20. We have fixed
the step size as ∆ = 2c/(NL − 1). These parameters
provide convergence upto the desired accuracy. Using
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Figure 2. (Color online) Quantum dynamics of (a) charge current flowing through the dots, (b) mutual information, and (c)
concurrence between the two dots for the degenerate case (1 = 2 = 3.5). The other parameters are: NL = NR = 128, c =
20, kBT = 0.05.
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Figure 3. (Color online) Quantum dynamics of (a) charge current flowing through the dots, (b) mutual information, and (c)
concurrence between the two dots for the non-degenerate case (1 = 3.5, 2 = 6.5). The other parameters are the same as in
Fig. 2.
this scheme we provide results for the current, mutual
information and concurrence.
Note that, in the non-interacting case, the Gaussian
nature of the initial state allows the use of Wick’s theo-
rem to translate the problem of calculating the density
matrix to a simpler problem of calculating the correla-
tion matrix: Cij = 〈c†i cj〉 [8, 60]. Different physical ob-
servables can then be computed following this correlation
matrix approach.
C. Results for charge current, mutual information
and concurrence
We will begin by defining three relevant observables
for this setup, namely the charge current, mutual infor-
mation and concurrence.
Charge current: We first investigate the charge current
flowing out of one of the leads. The current is defined as
the rate of change of occupation number in a particular
bath
IL/R(t) = −
〈dNL/R
dt
〉
, (26)
with NL/R =
∑
k c
†
kL/RckL/R. A formal expression for
the steady state charge current for an arbitrarily inter-
acting quantum junction can be written down in terms
of the Green’s functions and is given by the celebrated
Meir-Wingreen formula [36, 61]
IL/R =
∞∫
−∞
d
2pi
Tr
[
G<()Σ>L/R()−G>()Σ<L/R()
]
.
(27)
Here G</>() refers to the Green’s function for an inter-
acting subsystem and Σ
</>
L/R () is the usual self-energy
term involving the leads. Upon symmetrization, I =
(IL − IR)/2, the expression for current simplifies to
I =
i
2
∞∫
−∞
d
2pi
Tr
[(
ΓL()− ΓR()
)
G<() (28)
+
(
fL() ΓL()− fR() ΓR()
)(
Gr()−Ga())].
For a symmetric junction i.e., ΓL() = ΓR() = Γ()/2
the first term of the above expression vanishes and one
obtains a formula for steady state current for a general
interacting system as
I =
1
4
∞∫
−∞
d
2pi
Tr
[
Γ()A()
](
fL()− fR()
)]
, (29)
where A() = i
(
Gr()−Ga()) is defined as the spectral
function matrix for the subsystem.
We now present the numerical results for the charge
current. We display the steady state results obtained fol-
lowing the NEGF method whereas for the charge current
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Figure 4. (Color online) Steady state properties: a comparison of results from exact numerics and NEGF approach as a function
of applied bias voltage for (a) charge current (b) mutual information and (c) concurrence between the dots for the same dot
energies: (1 = 3.5, 2 = 3.5). The other parameters are: NL = NR = 128, c = 20, kBT = 0.05. The blue dotted line in (a) and
(c) corresponds to an asymptotic value of 1
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whereas in (b) it corresponds to a value 0.43145.
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.
dynamics we follow the exact numerical approach. Note
that, for the numerical approach, we compute the follow-
ing expression for current which can be obtained using
Eq. 26 and the Heisenberg equation of motion,
IL/R(t) = i
∑
k∈L(R)
tk
〈
(ck(t)c
†
N−1(t)− c†k(t)cN−1(t))
〉
+tk
〈
(ck(t)c
†
N (t)− c†k(t)cN (t))
〉
. (30)
These correlators can be calculated for arbitrary time
following the correlation matrix approach.
In Fig. (2a) and (3a) the dynamics of the charge cur-
rent is shown both for degenerate and non-degenerate
cases. After a short transient dynamics, in each case, the
current saturates to a steady state value and this satura-
tion value depends on the bias difference applied across
the dots. However, interestingly, in the large bias limit,
the asymptotic value is indifferent for both degenerate
and non-degenerate dots and saturates to a value 1/2.
We next compare the steady state current as a func-
tion of the bias voltage in Fig. (4a) and Fig. (5a). A
nice agreement between the exact numerical approach
and NEGF results is obtained for both degenerate and
non-degenerate dots. The slight mismatch occurs due to
the finite discretization of the bath spectrum. Note that,
in the non-degenerate case, one observes an additional
plateau in the current as compared to the degenerate
case. Due to the symmetric choice of the chemical po-
tential i.e., µL = −µR, the plateau starts to appear at
µL−µR ≈ 21 providing a single channel for the electron
to flow and disappears when µL − µR ≈ 22
Mutual information: To understand the corresponding
effects in the context of correlations in the system, we
study the mutual information [10–13] between the dots
and the baths as well as between the two dots. The
mutual information for a bipartite system A and B is
defined as
S = SA + SB − SAB , (31)
where SA = −TrA(ρAlnρA), SB = −TrB(ρB lnρB) and
SAB = −TrA+B(ρAB lnρAB) corresponds to the von Neu-
mann entropies of A, B and the composite system A+B,
respectively. For example, to compute the mutual infor-
mation between the two dots, A and B should correspond
to individual dots.
Typically, for a general interacting system, the compu-
tation of the bath Von Neumann entropy is a challenging
problem. However, in the non-interacting limit, following
the correlation matrix approach [55, 62], the von Neu-
mann entropy SG of a subspace G can be computed as
7and is given as [8]
SG =
NG∑
σ=1
[−(1− Cσ)ln(1− Cσ)− Cσln(Cσ)], (32)
where Cσ are the eigenvalues of the correlation matrix
defined within subspace G and NG are the total num-
ber of sites in that subspace. For example, for sub-
system consisting of two quantum dots NG = 2 and
Cij = Tr
[
ρ(t)d†idj
]
, i, j = 1, 2 following the notations
used in Eq. 1 with U = 0.
In Fig. (2b) and Fig. (3b) we display the dynamics of
mutual information sd(t) between the two dots for both
degenerate and non-degenerate cases. As can be seen,
similar to the charge current, after a transient regime a
steady state is achieved for the mutual information. It
starts with a zero value due to the choice of our initial
condition (see Eq. 25). For the same dot energies and
in the large bias limit, the mutual information saturates
to a finite value ≈ 0.43145 whereas it vanishes for differ-
ent dot energies. This dynamical behaviour is very sim-
ilar also for the concurrence between the dots, as shown
in Fig. (2c) and Fig. (3c) and a detailed discussion of
this follows ahead. The steady state results for the mu-
tual information are displayed in Fig. (4b) and Fig. (5b).
The signature of the plateau in the current for the non-
degenerate case (Fig. (5a)) gets reflected in the mutual
information by a peak.
We also investigate the steady state mutual informa-
tion between the dots and the bath as a function of the
bias voltage in (Fig. 6). Interestingly, in this case, the
qualitative behaviour is the same as that of the current
flowing through the dots. In the non-degenerate case
a plateau appears followed by a saturation value 4 ln2,
whereas in the degenerate case the mutual information
directly saturates to a value 2 ln2. These saturation val-
ues for various observables in the asymptotic limit can be
obtained analytically and is discussed in the subsection
D.
Concurrence: Although the exact numerical method
allows to calculate the mutual information between the
dot system and the baths in the non-interacting regime, a
generalization to the interacting case is not trivial. How-
ever the double-dot system lends itself naturally to study
two-site entanglement between the dots. A particularly
useful quantity to measure this type of entanglement is
called concurrence [14, 15]. For a number conserving
Hamiltonian the reduced density matrix for two sites can
be written as [18]
ρ12 =
 u 0 0 00 w1 z∗ 00 z w2 0
0 0 0 v
 , (33)
where, u = 〈(1 − n1)(1 − n2)〉, w1 = 〈(1 − n1)n2〉, w2 =
〈n1(1 − n2)〉, v = 〈n1n2〉 and z = 〈d†2d1〉. These various
correlators can be calculated using Wick’s theorem.
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Figure 6. (Color online) The steady state value of mutual
information between the dots and baths as a function of bais
voltage . The other parameters are: NL = NR = 128, c =
20, kBT = 0.05. The black dotted line corresponds to an
asymptotic value of 4ln2 whereas the blue dotted line corre-
sponds to an asymptotic value of 2ln2.
The concurrence is then given by
C = 2 max(0, |z| − √uv). (34)
In Fig. (4c) and Fig. (5c) we display the steady state
concurrence between the dots as a function of bias volt-
age. In the non-degenerate limit (Fig. (5c)), at low bias,
concurrence starts with a very small value and suddenly
falls off sharply to zero. This sharp fall occurs when
µL − µR ≈ 21. This transition value of the bias volt-
age is plotted against the lower dot energy level 1 (inset
in Fig. (5c)), setting 2 = 10. A linear dependence is
obtained following both NEGF and exact numerics. For
small bias, neither of the dot channels are activated and
therefore the two dots can be present in a mixed entan-
gled state. In this regime, an increasing bias voltage re-
sults in an increasing entanglement. Further increase in
the bias voltage µL − µR ≥ 21 allows electron to tunnel
through by populating the lowest energy level of the dot
and keeping the higher energy dot empty. This leads to
a separable state for the dots and concurrence drops to
zero. This trend continues even when µL − µR ≥ 22 as
the density matrix for the two dots always remain sepa-
rable.
In contrast, for the degenerate limit, the concurrence
value increases monotonically with applied bias Fig. (4c)
before reaching an asymptotic steady state value of 1/2
in the large bias limit. Because of degeneracy among the
dot levels, an incoming electron from the bath can not
differentiate between the two levels leading to a formation
of a mixed entangled state. It further remains as an
entangled state for higher bias voltage.
The other factors which can influence the concurrence
are the temperature (T ) and the coupling between the
bath and the dots (Γ) as studied in Fig. 7. On varying
the temperature, the concurrence also changes because
of the thermal transport which initiates the transport of
electrons even before the bias reaches the critical value.
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Figure 7. (Color online) The (a) temperature and (b) cou-
pling dependence of concurrence as a function of bias voltage
using the NEGF approach. Increasing the temperature or the
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voltage. The saturation value on the other hand, remains in-
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This also reflects in the concurrence as it can be seen that
a finite correlation between the electrons of the two sites
exists even for very low bias. The same argument holds
on varying the coupling Γ. A greater value of the coupling
means the transport is active even for small bias voltage
and a large finite value of concurrence is obtained. It
is also worth noting that the saturation value of concur-
rence is independent of both temperature and coupling.
D. Analytical results in the asymptotic limit
In this subsection we provide asymptotic large bias
limit results for the charge current, mutual information,
and concurrence.
We begin with the two point correlators 〈d†idj〉 which
are related to lesser or greater version of the correspond-
ing Green’s function and can be computed by performing
an integral in the energy domain
− iG<(t = 0) = −i
∞∫
−∞
d
2pi
G<(). (35)
In the asymptotic limit of large bias difference (µL →
∞, µR → −∞) the Fermi distribution reduces to fL() =
1 and fR() = 0. Further considering symmetric cou-
pling and the wide-band limit i.e., Γ() = Γ, the lesser
component of the total self-energy (Eq. 17) simplifies to,
Σ<L () = iΓL
(
1 1
1 1
)
= i
Γ
2
and
Σ<R() = 0. (36)
The Keldysh equation, given in Eq. 16, then reduces to
G<() =
i
2
Gr()ΓGa(). (37)
One further receives, in this limit, the following relation
using Eq. 15
A() = i
(
Gr()−Ga()) = Gr() Γ Ga(). (38)
We can thus write
− iG<(t = 0) = 1
2
∞∫
−∞
d
2pi
A(), (39)
The above integration over Aii yields 1 and over Aij
yields 0 for the non-degenerate case whereas for the de-
generate case the integration over all the components
gives the value 12 . Therefore, in the asymptotic limit,
for the non-degenerate case
〈d†idi〉 =
1
2
, 〈d†idj〉 = 0 (40)
and for the degenerate case,
〈d†idi〉 =
1
4
, 〈d†idj〉 =
1
4
. (41)
Charge current: The above analysis helps us to obtain
the asymptotic expression for the steady state charge cur-
rent for any interacting junction, given as
I =
1
4
∞∫
−∞
dTr
[
ΓA()
]
=
Γ
2
. (42)
both for degenerate and non-degenerate cases. This
yields I = 1/2 for Γ = 1 which exactly matches with our
numerical results as shown in Figs. ((2a) and (3a))
Mutual Information and Concurrence: We next ana-
lyze the asymptotic values for the mutual information
and the concurrence. The reduced density matrix for the
double-dot system is given as in Eq. 33. Using this, the
reduced density matrix for the the subsystem, where dot
91 is considered as one subsystem while the other dot as
second subsystem, can be written as
ρ1 = Tr2(ρ12), ρ2 = Tr1(ρ12). (43)
Calculating these traces we can write the reduced density
matrices as
ρ1 =
[
u+ w1 0
0 v + w2
]
, ρ2 =
[
u+ w2 0
0 v + w1
]
.
(44)
The asymptotic values of different correlators in the non-
degenerate case are (as calculated above)
〈n1〉 = 12 , 〈n2〉 = 12 , z = 0,
u = v = w1 = w2 =
1
4 , (45)
and for the degenerate case
〈n1〉 = 14 , 〈n2〉 = 14 , z = 14 ,
u = 12 , v = 0, w1 = w2 =
1
4 . (46)
The asymptotic value of the mutual information between
the two dots can then be calculated using Eq. 31, which
vanishes for the non-degenerate case in this large bias
limit, as also reflected in our numerics, Fig. 5b. In con-
trast, for the degenerate case the asymptotic value of
mutual information is found to be ≈ 0.43145, as also
obtained numerically in Fig. 4b. In a similar manner,
the asymptotic value of the mutual information between
the bath and dot system can be computed. In the same
large bias limit (µL → ∞, µR → −∞), and given that
the initial dot occupancies are zero, i.e., n1 = n2 = 0,
(see Eq. 25), the overall system initially is in a pure state
and therefore SAB = 0 and SA = SB , which imply that
the mutual information between the bath and the sys-
tem is simply related by S = 2SA. Now using Eq. 33, in
the non-degenerate scenario one receives the asymptotic
value as 4 ln2, whereas in the degenerate case it comes
out to be 2 ln2 and matches exactly with Fig. 6.
The calculation of concurrence using Eq. 34 and
Eqs. (45,46) is also straightforward. In the non-
degenerate case since |z| = 0, the concurrence vanishes
whereas for the degenerate case it reaches an asymptotic
value 1/2 and further validates our numerical results as
shown in Fig. 4c and Fig. 5c.
IV. INTERACTING DOTS (U 6= 0)
A. Formalism
In this section we extend our study for the interacting
case. The Hamiltonian for the spinless double quantum
dot with inter-site Coulomb interaction is given in Eq.1.
The NEGF calculation for the interacting model follows
along the similar lines as the non-interacting case, how-
ever, in this case higher order Green’s functions needs
to be computed and a suitable approximation scheme
is therefore required to achieve closure in the EOM ap-
proach.
Let us first start writing the EOM for the interacting
Green’s function for the dots,[
i
∂
∂t
− i
]
Gij(t, t
′) = δijδ(t−t′) +
∑
k,α=L,R
(tik,α)
∗Gkj(t, t′)
+UGimj(t, t
′). m 6= i (47)
Where due to interaction higher order (two-particle)
Green’s function appears, such as,
Gimj(t, t
′) = −i〈Tdi(t)nm(t)d†j(t′)〉, m 6= i (48)
and we need to compute the corresponding EOM as well,[
i
∂
∂t
− i − U
]
Gimj(t, t
′) =δijδ(t− t′)〈nm(t)〉 (49)
+
∑
kα=R,L
(tik,α)
∗Gkmj(t, t′).
At this point, let us introduce the Green’s function asso-
ciated only with the dots as,[
i
∂
∂t
− i − U
]
gijU (t, t
′) = δijδ(t− t′). (50)
In the above EOM we use the steady state property, i.e.,
n˙m(t) = 0 and 〈nm(t)〉 is the average dot occupancy.
This procedure yields a higher order correlator, mixing
the dots and the leads
Gkmj(t, t
′) = −i〈Tckα(t)nm(t)d†j(t′)〉. (51)
So, a further EOM is necessary:[
i
∂
∂t
− kα
]
Gkmj(t, t
′) =
∑
l=1,2
tlkαGlmj(t, t
′) (52)
In the above equation the Green’s functions (in the right
hand side of the equation) for which “l = m” vanish be-
cause multiple occupancy on a dot at the same time is
forbidden due to Pauli exclusion principle. The mixed
correlators containing operators from the lead and the
dots such as 〈ckαd†i 〉 are set to zero thus treating the cou-
pling of the leads and system upto second order in tkα.
Also the Green’s functions like Eq. 48 are decoupled using
the mean field approach as Gimj(t, t
′) = 〈nm〉Gij(t, t′).
These two approximations have been shown to yield reli-
able results for a sufficiently high temperature [2, 41, 44].
This approximation leads to a closure for the cascade of
Green functions in the EOM approach. As done for the
non-interacting case, one can then write down an EOM
for the contour-ordered version and obtain all the compo-
nents in real time using Langreth’s thorem. The various
correlators involving the system operators can then be
computed self consistently using
〈d†idj〉 = −i
∞∫
−∞
d
2pi
G<ji(). (53)
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Figure 8. (Color online) Steady state properties for the interacting case: (a) Current and (b) concurrence for different dot
energies (1 = 3.5, 2 = 6.5). In (a) the dotted plot refers to differential conductance
dI∞
dV
with V = µL − µR with 5 times
enhanced values. The inset in (b) provides the critical voltage (Vc = 21) where the concurrence drops to zero as a function of
1. (c) Concurrence for same dot energies (1 = 2 = 4.5). The inset provides the corresponding critical voltage (Vc1 = Vc−2U)
as a function of the dot energy. Here U = 10, kBT = 0.05.
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Figure 9. (Color online) Steady state plot for the zero bias
(µL = µR) concurrence for degenerate dots with (solid, red)
and without (solid, blue) interaction. The inset gives the
critical value of the bias voltage (Vc2 =
Vc
2
−U) as a function
of dot energy. Here kBT = 0.05, 1 = 2 = 4.5 and other
parameters are taken same as before.
B. Results
To understand the effect of Coulomb interaction on en-
tanglement properties we first check the transport prop-
erties by computing the current and the corresponding
differential conductance. We follow the NEGF method
and use Eq. 29 to evaluate the current. In Fig. 8(a)) the
standard Coulomb blockade effect is evident and the cor-
responding peaks are reflected in the differential conduc-
tance. In Particular, the blockade starts when the bias
voltage corresponds to 21, 22, 2(1 +U) and 2(2 +U).
Note that, once again the asymptotic value for the cur-
rent is 1/2.
Next, to compute the concurrence following Eq. 34 one
needs to calculate different two-point and four-point cor-
relators. Since for the interacting case correlators like
〈ninj〉 can not be computed following the same trick
as done in the non-interacting case, we employ here the
Hartree-Fock approximation scheme [45, 46] i.e.,
ninj =
1
2
[
〈d†jdj〉d†idi+d†jdj〈d†idi〉−〈d†idj〉d†jdi−〈d†jdi〉d†idj
]
.
(54)
Fig. (8b) and (8c) display the steady state concurrence
for non-degenerate and degenerate case in presence of
the interaction. For the non-degenerate case, a similar
argument as the non-interacting model is admissible. For
low bias, the concurrence is small and drops sharply to
zero for µL − µR > 21. As evident from the numerics,
the interaction has practically no effect on concurrence,
in this case.
In contrast, in the degenerate scenario with finite in-
teraction U (Fig. 8c), the behaviour of concurrence is
rich and can be analyzed in three distinct regimes for the
bias voltage: (i) when the bias voltage is below the en-
ergy level of the dot i.e., µL − µR ≤ 2, the concurrence
increases monotonically just like in the non-interacting
case. (ii) For bias voltage in the range 2 ≤ µL − µR ≤
2(+U), the dot levels are non-degenerate due to the fi-
nite interaction U and while one dot is occupied by elec-
tron the other electron needs to have an effective 2(+U)
energy to tunnel. Even if electron manages to tunnel
through this level it leads to a separable state and en-
tanglement between the two dots starts to decrease. (iii)
further increase in the bias i.e., µL − µR > 2(+ U) the
concurrence drops to zero as after filling one dot with en-
ergy , the other electrons can tunnel through the shifted
2(+ U) level, leaving the two dots in a separable state.
The inset of Fig. (8c) shows the plot for the critical bias,
at which concurrence hits zero, with the energy level of
the dot  and a linear dependence is observed. In this fig-
ure the concurrence shows a step-like fall with the bias.
This is due to the uneven change in the average electron
number 〈ni〉 with bias at higher values of bias, which in
turn is a numerical artifact of the self consistently ap-
proximate computation of the average electron number.
In order to contrast transport and quantum correla-
tions, we further investigate the situation when the two
fermionic baths are maintained at the same chemical po-
tential (µL = µR = µ). Due to zero bias difference, net
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current into and out of the dots cancel out providing a
dynamical zero, independent of the chemical potentials
of the leads and the dot energy levels. However, under
the same scenario, the entanglement between the dots de-
pends on the value of the chemical potential, as well as
the dot energies. In Fig. (9) we display the concurrence
starting with the degenerate dot level case (U = 0). A
high value for the concurrence is observed with increas-
ing chemical potential in the non-interacting case and
finally satures to the value 1.0 representing maximally
entangled state for the dots. However, turning on the in-
teraction lifts the degeneracy and for large chemical po-
tential the two dots achieve a separable state leading to a
zero concurrence. The inset in Fig. (9) shows the linear
dependence of the chemical potential at which concur-
rence reaches zero with the dot energy level. Again the
step-like fall in concurrence here is caused by the numer-
ical artifacts in the self consistent calculation of average
electron number.
V. SUMMARY
In summary, we have studied quantum transport and
entanglement properties for out-of-equilibrium spinless
parallel interacting quantum double dot setup. Employ-
ing NEGF and exact numerical approaches we have in-
vestigated quantum dynamics and the steady state prop-
erties for non-equilibrium charge current, mutual infor-
mation and concurrence. It is found that both the tran-
sient and steady state behaviour of these observables is
critically dependent on whether or not the dot energies
are degenerate. In addition, strong correlations between
these observables is found in both transient and steady
state regimes. For example, In the non-degenerate case,
for high bias, both the mutual information and concur-
rence approaches to zero in the steady state. Whereas for
the degenerate case, a high value for both these observ-
ables is found to exist. In contrast, the asymptotic value
for the current remain insensitive both in degenerate and
non-degenerate limit. The appearance of plateau in the
current for the non-degenerate case also reflected in mu-
tual information between the dots as well as between the
dots and the bath.
For the interacting case, we employ the Hartree-Fock
approximation scheme to compute the steady state con-
currence. The effects of interaction are once again tied
up with degeneracy effects. The non-degenerate case is
largely independent of interactions whereas in the degen-
erate case, the concurrence increases for small bias but
drops to zero beyond a critical bias because of the lift-
ing of the degeneracy. The characteristic value of this
bias though, is dependent on the strength of interaction
unlike in the non-degenerate case.
The future work will direct towards understanding
the entanglement and transport properties for extended
many-body quantum systems, in particular, scaling prop-
erties with the system size.
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